Supplementary Notes
Supplementary Note 1: Optical parametric amplification in a WGM microcavity Our scheme explores phase-matched parametric amplification in a whispering-gallerymode (WGM) microresonator with high-Q factors on a silicon chip. Due to the inversion symmetry of silica, the lowest-order nonlinearity is the third-order nonlinearity which leads to the elemental parametric interaction, four-wave mixing (FWM), to convert two pump photons � p , � into signal ( s , ) and idler ( i , ) photons (Fig. 1b in the main text) . In order for parametric amplification to occur, the conservations of both energy and momentum (i.e. phase matching) must be preserved in the FWM process. We note that by manipulating the Kerr nonlinearity, optical parametric oscillation 1 and optical frequency combs 2 have been experimentally realized in high-Q silica WGM microtoroid cavities. In these two works, momentum is intrinsically conserved as signal and idler angular mode numbers ( ) are symmetric with respect to the pump mode by following s,i = p ± , while energy conservation, 2 p = s + i , is satisfied by controlling the cavity dispersion including both material dispersion and geometry dispersion. In our experiment, the geometry dispersion is engineered by properly controlling the major and minor diameters of the microtoroids 3 . In contrast to the optical parametric oscillation process 1, 2 , the process of optical parametric amplification involved in our experiment demands injecting both the co-propagating pump and signal modes into the microcavity, which result in the momentum to be favorably preserved along with the co-propagation direction, i.e., the forward configuration. It is this directionality of momentum conservation that plays an essential role in bypassing the dynamic reciprocity 4 suffered by Kerr or Kerr-type nonlinearities. To fulfill such directionality, the sample should be devoid of backscattering 5 , although it is commonly present in high-Q WGM microcavities. These two elements are interrelated with and indispensable of each other. It is worth mentioning that to stabilize the system, optical isolation here is implemented by keeping the pump power below the threshold of the optical parametric oscillation. Since the optical parametric amplification is more favourable in the forward direction through FWM and the signal light is weaker than the pump, the process involving pump, signal and idler field amplitudes ( p , s f , i ) can be described by the simplified Langevin equations according to Refs.
where
with , � , , and = (1) + (2) ( = , , ) the frequency of the cavity mode, the carrier frequency of the pump, signal or the generated light, the intrinsic decay rate of the optical m mode, and the external coupling rate to the two fibres, respectively, and * denotes the complex conjugate. p and s f stand for, respectively, the input power amplitudes of the forward pump and signal fields. We seek solutions of the set of equations (1) in the steady-state approximation. After some algebra, the amplitude of the forward signal field inside the microcavity is
According to the coupled-mode theory 9 , the amplitude of the transmitted signal field at port 3 (see Supplementary Fig. 1 ) takes the form of,
For the backward propagating signal, on the contrary, as the available phase-matched parametric amplification is not present, the backward signal-field amplitude inside the microresonator evolves as
As a result, Eqn. (4) yields the backward signal transmission spectrum at port 1 as
In terms of the scattering matrix 10 , Eqns. (3) and (5) can be recast into the following form
Two conclusions can be directly drawn from Eqn. (6): On the one hand, because of the directional phase matching, optical nonreciprocity is readily established regardless of simultaneous injections of both forward and backward signal inputs or separate signal injections. To bypass the dynamic reciprocity, on the other, here it requires negligible backscattering within the microcavity for both pump and signal waves, such that no appreciable phase-matched parametric amplification occurs for the backward input signal wave. For this purpose, the microtoroid cavities are prepared with 6 µm-thick thermal oxide film to form relatively large mode volumes. In the experiment, the major diameter of the fabricated microtoroid is ~96 μm while the minor diameter is ~13 μm. Similar to the previous work 11 on generating Kerr frequency combs, here the microtoroid also operates in the normal dispersion region. Similarly, for the single-fibre-coupling case (i.e., the microcavity is only coupled with fibre 1), one can obtain the outputs at port 2 and port 1 (see Supplementary Fig. 1 ) as
In terms of the scattering matrix 10 , Eqn. (7) becomes
It is apparent from the off-diagonal elements in Eqn. (8) that both Lorentz reciprocity and dynamic reciprocity break down. Alternatively, Eqn. (8) is applicable to describe light transport for both cases with simultaneously and separately launching forward and backward signal lasers. The isolation ratio is computed by following its definition. That is,
Maximum of f Transmission at corresponding frequency , where the normalized transmission spectra, f , in two different coupling cases are defined as，
, for the two-fiber-coupling case; while
, for the single-fiber-coupling case.
Supplementary Note 2: Self-heating effect
One interesting and important issue related to the current work is the presence of the selfheating effect. It is known that the optical absorption inside the ring cavity results in a temperature change, and this temperature change leads to the wavelength shift of the cavity resonance due to the backaction. Although the portion absorbed by the dielectric is very small, self-heating is non-negligible especially as the circulating power inside the cavity is extremely high because of its high Q factor. In particular, the self-heating effect becomes obvious when the optical power within the cavity reaches above a certain level. In the current scheme, the self-heating originates mainly from two aspects: the input pump laser and the signal field of interest. One legitimate question is then how we manage the self-heating in our work. a) Although the intrinsic optical Q-factor of the microcavity is close to 10 8 , due to the relatively large mode volume (we fabricated the microcavity using a 6-µm thick thermal oxide film instead of the 2-µm thick thermal oxide film typically used to fabricate a normal microtoroid) of the microtoroid used in the experiment, in the series of experiments reported here, we found that for the signal power below 10 µW, no appreciable self-heating effect is measurable throughout the measurements. This is ensured by checking if there is a thermal drifting of the resonance or not for the signal wave 12 .
b) In contrast, the pump power is relatively high in the experiments. As a result, its induced self-heating is inevitable in the experimental readouts. However, owing to the thermal effect in the microcavity, the cavity mode can be easily locked to the pump laser with a self-stabilization mechanism 12 , and the microcavity temperature can be readily maintained to be stable. As such, the pump field only changes the temperature of the microcavity to a constant value, and it does not affect the experimental results essentially. Although the performed isolation experiments were done for a signal power below 10 µW, a higher power operation range could be extended using a large-mode-volume or athermal microcavity. In such a case, caution should be taken to distinguish the thermo-optic effect from the FWM parametric amplification. Otherwise, as the signal power becomes much larger, more other nonlinear processes will be involved and so more investigation will be needed to address this issue accordingly. These might be of interest for future work.
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